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TORIC RINGS, INSEPARABILITY AND RIGIDITY 


MINA BIGDELI, JURGEN HERZOG AND DANGHENG LU 


Abstract. Let AT be a field, H an affine semigroup and R = K\H] its toric ring 
over K. In this paper we give an explicit description of the ZiJ-graded components 
of the cotangent module T^{R) which classifies the infinitesimal deformations of 
R. In particular, we are interested in unobstructed deformations which preserve 
the toric structure. Such deformations we call separations. Toric rings which 
do not admit any separation are called inseparable. We apply the theory to the 
edge ring of a finite graph. The coordinate ring of a convex polyomino may be 
viewed as the edge ring of a special class of bipartite graphs. It is shown that the 
coordinate ring of any convex polyomino is inseparable. We call a bipartite graph 
G semi-rigid if T^{R)a = 0 for all a with —a £ H. Here R is the edge ring of G. 
A combinatorial description of semi-rigid graphs is given. The results are applied 
to show that for n = 3, is semi-rigid but not rigid, while G„ is rigid for all 
n > 4. Here G„ is the complete bipartite graph Kn,n with one edge removed. 


Introduction 

In this paper we study infinitesimal deformations and unobstructed deformations 
of toric rings which preserve the toric structure, and apply this theory to edge 
ideals of bipartite graphs. Already in [1] and [2], infinitesimal and homogeneous 
deformations of toric varieties have been considered from a geometric point of view. 
The view point of this paper is more algebraic and does not exclude non-normal toric 
rings, having in mind toric rings which naturally appear in combinatorial contexts. 
This aspect of deformation theory has also been pursued in the papers [1],[5] and [5] 
where deformations of Stanley-Reisner rings attached to simplicial complexes were 
studied. 

Let A be a field. The infinitesimal deformations of a finitely generated A-algebra 
R are parameterized by the elements of the cotangent module T^{R) which in the 
case that R is a domain is isomorphic to Ext^(r2H/JT,-R), where ^Ir/k denotes the 
module of differentials of R over K. The ring R is called rigid if T^{R) = 0. We 
refer the reader to [12] for the theory of deformation. 

Let H be an affine semigroup and K[H] its affine semigroup ring. We are in¬ 
terested in the module T^{K[H]). This module is naturally ZiL-graded. Here ZiL 
denotes the associated group of H which for an affine semigroup is a free group of 
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finite rank. For each a G ZFT, the a-graded component T^{K[H])a of T^{K[H]) is a 
hnite dimensional iF-vector space. 

In Section 1 we describe the vector space T^{K[H])a and provide a method how 
to compute its dimension. Let H C Z"* with generators hi,...,hn- Then the 
associated group Zif of Ff is a subgroup of Z™, and K[H] is the FF-subalgebra of the 
ring ..., of Laurent polynomials generated by the monomials ... 

Here for a = (a(l),... ,a{m)) E Z"*. Let S = K[xi,... ,Xn] be the 

polynomial ring over K in the indeterminates xi,..., Xn. Then S may be viewed as 
a ZiF-graded ring with degx* = hi, and the iF-algebra homomorphism S —)■ K[H] 
with Xi I—)■ is a homomorphism of ZFF-graded FF-algebras. We denote by Ih 
the kernel of this homomorphism. The ideal In is called the toric ideal associated 
with H. It is generated by homogeneous binomials. To describe these binomials, 
consider the group homomorphism Z” —)■ Z™ with Si i—)■ hi, where £i,...,£n is the 
canonical basis of Z”. The kernel L of this group homomorphism is a lattice of Z"' 
and is called the relation lattice of H. For v = (n(l),... ,v{n)) E Z"' we dehne the 

binomial = f„+ - f„- with f„+ = H*, ^(i)>o ^nd f„- = Hi, ^(i)<o 

let Jl be the ideal generated by the binomials with v E L. It is well known 

that Ih = II- Each fy E Ih is homogeneous of degree h{v) = i;(i)>o 

fy^,..., fy^ be a system of generators of Ih- We consider the (s x n)-matrix 


Ah = 


^ 2 ( 1 ) 


ni(2) 

^^ 2 ( 2 ) 


viin) \ 
V2{n) 


\ n^(l) Vs{2) . . . Vs{n) ) 


Summarizing the results of Section 1, dimi^ T^(FF[FF])a can be computed as follows: 
let I = idcakAn, la be the rank of the submatrix of Ah whose rows are the ith rows 
of Ah for which a + h{vi) ^ H, and let da be the rank of the submatrix of Ah whose 
columns are the jth columns of Ah for which a + hj E H. Then 

dimKT\K[H])a = l-la-da. 


In Section 2 we introduce the concept of separation for a torsionfree lattice L EL Z”. 
Note that a lattice L C Z” is torsionfree if and only if it is the relation lattice of some 
affine semigroup. Given an integer i E[n] = {1, 2,..., n}, we say that L admits an 
i-separation if there exists a torsionfree lattice L' C Z”^^ of the same rank as L such 
that 'Ki^In) = Fl, where Tii'. S'[a;„+i] —)■ S' is the FF-algebra homomorphism which 
identihes Xn+i with x*. An additional condition makes sure that this deformation 
which induces an element in T^{K{H))-hi is non-trivial, see 12.II for the precise deh- 
nition. We say that L is inseparable, if for all i, the lattice L admits no ^separation, 
and we call FF and its toric ring inseparable if its relation lattice is inseparable. In 
particular, if the generators of FF belong to a hyperplane of Z”*, so that FF[FF] also 
admits a natural standard grading, then FF is inseparable if T^(FF[FF])_i = 0. In 
general, the converse is not true since the inhnitesimal deformation given by non¬ 
zero element of T^(FF[FF])_i may be obstructed. We demonstrate this theory and 

2 






show that a numerical semigroup generated by three elements which is not a com¬ 
plete intersection is i-separable for i = 1,2,3, while if it is a complete intersection 
it is i-separable for at least two i G {1,2,3}. For the proof of this fact we use the 
structure theorem of such semigroups given in [Sj. 

The last Section 3 is devoted to the study of T^{R) when R is the edge ring 
of a bipartite graph. This class of rings has been well studied in combinatorial 
commutative algebra, see e.g. m and |T3] . For a given simple graph G of the vertex 
set [n] one considers the edge ring R = K[G] which is the toric ring generated over 
K by the monomials titj for which {i,j} is an edge of G. Viewing the edge ring a 
semigroup ring K[H], the edges e* of G correspond the generators hi of the semigroup 
H. We say that G is inseparable if the corresponding semigroup is inseparable. The 
main result of the hrst part of this section is a combinatorial criterion for G being 
inseparable. Let C* be a cycle of G and e a chord of G. Then e splits G into two 
disjoint connected components G\ and G^ which are obtained by restricting G to 
the complement of e. A path P of G is called a crossing path of G with respect 
to e if one end of P belongs to Gi and the other end to G 2 . Now the criterion 
(Corollary 13.51) says that a bipartite graph G is inseparable if and only if for any 
cycle G which has a unique chord e, there exists a crossing path of G with respect 
to e. In particular, if no cycle has a chord, then G is inseparable. By using this 
criterion we show in Theorem 13.61 that the coordinate ring of any convex polyomino, 
which may be interpreted as a special class of edge rings, is inseparable. 

For the rest of this section we consider the semi-rigidity and rigidity of bipartite 
graphs. We call H semi-rigid if T^{K{H))-a = 0 for all a E H, and characterize 
in Theorem 13.101 semi-rigidity of bipartite graphs in terms of the non-existence of 
certain constellations of edges and cycles of the graph. To classify rigidity of bipartite 
graphs is much more complicated, and we do not have a general combinatorial 
criterion for when a bipartite graph is rigid. Instead we consider for each n > 3 the 
graph Gn which is obtained by removing an edge from the complete bipartite graph 
Kn^n- It is shown in Proposition 13.121 that for n = 3, Gn is not rigid while for n > 4, 
Gn is rigid. It remains a challenging problem to classify all rigid bipartite graphs. 


1. FOR TORIC RINGS 

Let H be an affine semigroup, that is, a hnitely generated subsemigroup of Z"* for 
some m > 0. Let hi,..., be the minimal generators of H, and £x a held K. The 
toric ring K[H] associated with H is the iP-subalgebra of the ring ..., t^] of 

Laurent polynomials generated by the monomials ..., Here R = 
for a = (a(l),..., a(m)) G Z™. 

Let S = K[xi,, Xn\ be the polynomial ring over K in the variables xi,... ,Xn. 
The iP-algebra R = K[H] has a presentation S ^ R with Xi 1 —)■ for i = 1,... ,n. 
The kernel C S' of this map is called the toric ideal attached to H. Corresponding 
to this presentation of K[H] there is a presentation N” -E H of H which can be 
extended to the group homomorphism Z'^ —)■ Z"* with Si 1 —)■ R for i = 1,... ,n, 
where ei,... ,en denotes the canonical basis of Z"’. Let L C Z”' be the kernel of this 
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group homomorphism. The lattice L is called the relation lattice of H. Note that L 
is a free abelian group and 17^/L is torsion-free. 

For a vector n G Z"" with v = (n(l),..., n(n)), we set 

v+ = v{i)ei and n_ = —v{i)ei. 

Then v = n_. It is a basic fact and well-known (see e.g. 0) that Ih is generated 

by the binomials with n G T, where = a;'"+ — a:’'”. 

We dehne an Ff-grading on S by setting degXj = hi. Then Ih is a graded ideal 
with deg fv = h{v), where 

(1) h{v) = v{i)hi (= Y -v{i)hi). 

Let Vi,... ,Vr be a basis of L. Since Ih is a prime ideal we may localize S with 
respect to this prime ideal and obtain 

IhSi^ = if VI,- ■ ■ , fvr)Slfj. 

In particular, we see that 

(2) height Ih = rankL. 

Let Hr/k be the module of differentials of R over K. Since i? is a domain, the 
cotangent module T^{R) is isomorphic to R), and since R is if-graded it 

follows that VLrik is FT-graded as well, and hence ExtJj(f2R/ic, R) and T^{R) are ZH- 
graded. Here ZH denotes the associated group of H, that is, the smallest subgroup 
of Z™' containing FT. It is our goal to compute the graded components T^{R)a of 
T\R) for a G ZH. 

The module of differentials has a presentation 

n 

^R/K = (© Rdxi)/U, 
i=\ 

where U is the submodule of the free i?-moduIe 0”=^ Rdxi generated by the elements 
dfv with n G F, where 

n 

dfv = 

i=l 

Here dfv/dxi stands for partial derivative of fv with respect to x,, evaluated modulo 
Ih- 

One verihes at once that 

n 

(3) = 

i=l 

For i G [n], the basis element dxi of R = 0^=1 Rdxi is given the degree 

hi. Then U is an Ff-graded submodule of 0.s/k ®s R, and degdfv = degfv = h{v). 
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For any Zif-graded -R-module M we denote by M* the graded -R-dnal R). 

Then the exact seqnence of if-graded -R-modnles 

0 —>■ t/ —>■ Rs/K R ^R/K 0 

gives rise to the exact seqnence 

{Qs/k (^s R)* ^U* ^ T\R) ^ 0 

of Zif-graded modnles. This exact seqnence may serve as the dehnition of T^{R), 
namely, to be the cokernel of {fls/K R)* —t U*. 

Let /„j,..., fy^ be a system of generators of In, where we may assnme that for 
r < s, the elements vi,... ,Vr form a basis of L. In general s is mnch larger than r. 
Observe that the elements dfy .^, • • •, dfy^ form a system of generators of U. 

We let F be a free graded i?-modnle with basis gi,...,gs snch that deggi = 
degdfy^ for z = 1,..., s, and define the F-modnle epimorphism F ^ U hj g^ dfy^ 
for i = 1,..., s. The kernel of F —)■ f/ we denote by C. The composition F —)■ 
fls/K R of the epimorphism F ^ U with the inclusion map U —?• fls/K ®s R will 
be denoted by 5. We identify U* C F* with its image in F*. Then T^{R) = [/*/ Im 5* 
and U* is the submodule of F* consisting of all (p & F* with (p{C) = 0. 

We hrst describe the ZF-graded components of U*. Let a G ZF. We denote by 
KL the F-subspace of F” spanned by ui,... and by KLa the F-subspace of 
KL spanned by the vectors Vi with i ^ Fa- Here the set Fa is defined to be 

Fa = {i ^ [s]-. a + h{vi) G F}. 


Then we have 

Theorem 1.1. For all a G ZF, we have 

diinK{U*)a = dimi^ KL — dimi^- KLy. 

Proof. Let cxi,..., Us be the canonical basis of F* and W C F* be the kernel of the 
F-linear map F^ —)■ KL with cxj t—)■ Vi for z = 1,..., s. 

We will show that 

(4) {U*)a = {/i G F®: p(z) = 0 for z G [s] \ Fa and (/z, A) = 0 for all A G W}, 

as F-vector space. 

Assuming this isomorphism has been proved, let Xa be the image of hF C F* 
under the canonical projection F^ —)• 14 = Kai. Then (|1]) implies that {U*)a 

is isomorphic to the orthogonal complement of Xa in I 4 . Thus, 


Fa\ - dimKXa. 
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(5) 


dimK{U*)a 


Let Za = Kai and Ya the cokernel of Xa —)■ Va- Then we obtain a commnta- 

tive diagram with exact rows and colnmns 






KLa 


^ 0 


W 


Xa 




KL 


0 






0 


0 0 0 

Now (jS]) implies that dim/^= dim^^ Ya, and the diagram shows that dim^^ Ya = 
dimi^- KL — dim/^ KLa- 

It remains to prove the isomorphism (|1]). Observe that {U*)a = {v? G {F*)a ■ </ 2 (C') 
0}, where C is the kernel of F ^ U. Let ip G {F*)a. Then ip = X]i=i L{9i)9h where 
gl,... ,g* is the basis of F* dnal to gi,..., gs- 

Since deg^f* = — degd/^. = —h{vi), it follows that ip G {F*)a if and only if 
(p{gi) = with p{i) G K and p{i) = 0 if a + h{vi) ^ H. Hence 

{U*)a = {/i G iLY p{z) = 0 for * G [s]\Fa and = 0}. 

In order to complete the proof of dl]) we only need to prove the following statement: 

S 

(6) gl){C) = 0 if and only if (p, A) = 0 for all A G IT. 


2 = 1 


Let z e Cb for some b e H. Then z = Xliep] with X{i) G iL for i = 

1,..., s and X{i) = 0 if h — h{vi) ^ FI since z G Fa- Moreover, since 2 : G Ker(F —)■ U) 
it follows that + • • ■ + X{s)t’^~’^^'^‘‘'^dfy^ = 0. This implies that 

= ^ mv.Up-'ndxj^O. 


?€H 

b-h(v^)eH 


j^\n] ie[s] 

b-h{vi)eH 


Note that if 6 — hj ^ H, then for all i G [s] with b — h{vi) G H, one has h{vi) — 
hj ^ H and so Vi{j) = 0. Here we nse the dehnition of h{vi), see ([T]). Therefore, 

Eielslb-HvpeH H^Mj) = 0 for j = 1,..., n. This implies E^els],b-hivpGH = 0. 
In conclnsion we see that 


iG[s],b—h{vi)^H 


gi G Cb if and only if E A(.)n. = 0. 


i&[s],b—h{vi)GH 
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This particularly implies that li z = Xliep] £ C^b, then A = (A(l),..., A(s)) G 

W. 

Since 

S S 

^=1 iG[s],b—h{vi)^H i=l 

it follows that {J2i=i = 0 if and only if either a + b ^ H or (/x, A) = 

'l2i=i /^(*)-^(0 = 0 for all A G IT satisfying X{i) = 0 for all i with b — h{vi) ^ H. In 
particular, we have if (/x, A) = 0 for all A G IT, then g*){C) = 0. 

For the converse, we assume that (X]i=i g*){C) = 0. Write a = a+—a_ 

with a+ E H and a_ G H, and set 6o = Si=i ^(t) + o_. Since a + bo E H and 
bo — h{vi) E H for all i E [s], and since gi){Cbo) = 0, it follows 

that (p. A) = 0 for all A G IT. Therefore the statement ([2]) has been proved and this 
completes the proof. □ 


Now for any a E hH we want to determine the dimension of (Im^*)^. We observe 
that the ZTT-graded i?-module lm5* is generated by the elements 

S S 

6'HdxO') = J2W.i/3x,)g; = 

i=i i=i 

Note that deg(5*(((ia;j)*) = —hi for i = 1,..., n. 

For i = 1,..., n we set Wj = (ni(i),..., Vs{i)), and for a G hH we let KDa be the 
/f-subspace of spanned by the vectors Wi for which i E Qa- Here the set Qa is 
dehned to be 

Qa = {i ^[n]-. a + hiE H). 


Proposition 1.2. Let a E 'LH. Then 

dimi^(lm^*)a = dimi^ KDa- 


Proof. The iF-subspace (Imif*)^ C {F*)a is spanned by the vectors 

S 

i=i 


with i E Qa- 

The desired formula dimii-(lm^*)a follows once we have shown that 


6*{{dxi)*) = 0 if and only if g-{i)wi = 0. 

i&Qa i&Qa 


Here /i(i) E K for any i E Qa- To prove it we notice that 

i&Qa ieGa j = l j = l i&Qa 

Thus iJ,{i)D~^’^^5*{{dxi)*) = 0 if and only if '^i^zg^ = 0 for j = 1,..., s. 

Since Vj{i) = Wi{j), this is the case if and only if Yhi&ga /^(*)'^* = 0- 
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Corollary 1.3. Let a G ZH. Then dimK KDa + diniK KLa < dimK KL. Equality 
holds if and only if T^{R)a = 0. 

Summarizing our discussions of this section we observe that all information which 
is needed to compute dim^^can be obtained from the (s x n)-matrix 




t>i(2) . 

• Vlin) 

\ 

Ah = 

U2(l) 

t>2(2) . 

■ V2{n) 



V 'i'.(i) 

t.,(2) . 

■ Vs{n) 

/ 


Indeed, d\mKT^{,K[H])a can be computed as follows: let I = rank A//, the rank 
of the submatrix of Ah whose rows are the ith rows of Ah for which a + hiyf) ^ if, 
and let Ca be the rank of the submatrix of Ah whose columns are the jth columns 
of Ah for which a + hj E H . Then 

( 7 ) dimKT\K[H])a = l-la-da. 

Corollary 1.4. Suppose a E H. Then T^{R)a = 0. 

Proof. Since a G if, it follows that Q{a) = [n] and dimi^- Da = dim^ KL = rankAj^. 
Thus the assertion follows from Corollary 11.31 □ 

The inequality of Corollary 11.31 can also be deduced from the following lemma. 

Lemma 1.5. Fix a E Zif. Then Vi{j) = 0 for every pair i,j with i ^ Ra o.nd 
J e Ga- 

Proof Assume on the contrary that Vi{j) ^ 0, say Vi{j) < 0, for some i ^ Ra and 
j EGa- Then 

h{vi) = - ^ Vi{k)hk = hj + h, -where h = ^ -Vi{k)hk + {-Vi{j) - l)hj E H. 

k 

Since j E Ga) we have a + hj E H and so a + f (u*) = (a + hj) + 6 G if. Consequently, 
i E Ra, a. contradiction. □ 

2. Separable and inseparable saturated lattices 

In this section we study conditions under which an affine semigroup ring if [if] 
is obtained from another affine semigroup ring if [if'] by specialization, that is, by 
reduction modulo a regular element. Of course we can always choose if' = if x N 
in which case if [if'] is isomorphic to the polynomial ring K[H][y] over if [if] in 
the variable i/, and if [if] is obtained from if [if'] by reduction modulo the regular 
element y. This trivial case we do not consider as a proper solution of finding an 
if [if'] that specializes to if [if]. If no non-trivial if [if'] exists, which specializes to 
if [if], then if will be called inseparable and otherwise separable. It turns out that 
the separability of if is naturally phrased in terms of the relation lattice L of if. 








Let L C Z” be a subgroup of Z”. Such a subgroup is often called a lattice. The 
ideal II generated by all binomials f.^ with u G L is called the lattice ideal of L. The 
following properties are known to be equivalent: 

(i) TP' jL is torsionfree; 

(ii) is a prime ideal; 

(hi) there exists a semigroup H such that h = Ih. 

A proof of these facts can be found for example in [7]. A lattice L for which 'IPjL 
is torsionfree is called a saturated lattice. 

Let £ 1 , be the canonical basis of Z” and ei,... ,en, Sn+i the canonical basis 

of Let i G [n]. We denote by TTj: IP^^ —)■ IP the group homomorphism with 

= Sj for j = 1,..., n and 7ii{en+i) = £i. For convenience we denote again by 
TTj the iF-algebra homomorphism ^[xn+i] —)■ S with ni{xj) = Xj for j = 1,... ,n and 

Definition 2.1. Let L C Z" be a saturated lattice. We say that L is i-separable for 
some i G [n], if there exists a saturated lattice L' C Z"'+^ such that 

(i) rankL' = rankL; 

(ii) TTiilL') = h; 

(iii) there exists a minimal system of generators ..., fws of such that the 
vectors (r(;i(n+l),... ,r(;s(n + l)) and (tci(i),... ,Ws{i)) are linearly indepen¬ 
dent. 

The lattice L is called i-inseparable it is not i-separable, and L is called inseparable 
if it is i-inseparable for all i. Moreover, the lattice L' satisfying (i)-(iii) is called an 
i-separation lattice for L. We also call a semigroup H and its toric ring inseparable 
if the relation lattice of H is inseparable. 

Remark 2.2. Suppose that L' C 7P~^^ is an i-separation lattice for L. Let h' C 
S'[a:n+i] be the lattice ideal of L'. It is easily seen that Xn+i — Xi ^ II' because 
rankL = rankL'. Indeed, if Xn+i — x* G Jl', then S[xn+\\llu — S/Il, and so 
rankL' = height J/,/ = height-|- 1 = rankL -|- 1, contradicting Definition l2.1f iL 
Moreover, Xn+i — Xj is a non-zerodivisor of S'[xn+i]//L' since S[xn+]\llu is a do¬ 
main. In particular, if ,..., fws is a minimal system of generators of II', then 
■ ■ ■, is a minimal system of generators of II, (see Lemma 1^31 for the 

details). This implies that 

Wj{i)wj{n -|- 1) > 0 for j = 1,..., s. 

Indeed, Xj divides if Wj{i)wj{n + 1) < 0. Since 7ii{fwj) is a minimal generator 

of Jl and since Jz, is a prime ideal, the polynomial 7ii{fwj) must be irreducible. So, 
Wj{i)Wj{n -|- 1) < 0 is not possible. 

Let Vj = Tii{wj) for j = 1,..., s. Since Wj{i)wj{n -|- 1) > 0 for j = 1,..., s, for all 
j we have 7ii{fwj) = fvj- Hence ..., is a minimal system of generators of Jz. 

For an affine semigroup H C Z'" the semigroup ring K[H] is standard graded, if 
and only if there exists a linear form £ = aiZi + 02^2 H— • + CLmZm in the polynomial 
ring Q[ 2 : 1 ,..., Zm\ such that (.{hi) = 1 for all minimal generators hi oi H. 
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The following result provides a necessary condition of ^-inseparability. Recall from 
[B] that an affine semigroup H is called positive if Hq = {0}, where Hq is the set of 
invertible elements of H. 

Theorem 2.3. Let H he a positive affine semigroup which is minimally generated 
by hi,, hn, T C Z"' the relation lattice of H. Suppose that L is i-separable. Then 
T^{K[H])_hi 7^ 0. In particular, if K[H] is standard graded, then L is inseparable, 
zfT\K[H])_i = 0. 

Proof. Since L is ^separable, there exists a saturated lattice L' satisfying the con¬ 
ditions (i) and (ii) as given in Dehnition 12.11 Since Xn+i — x, is a non-zerodivisor on 
R' = S[xn+i\/lL' it follows that R” = R'/{xn+i —Xi^R' is an inhnitesimal deforma¬ 
tion of R (which is isomorphic to R”/{{xn+i — Xi)R"). 

Let Vj = Tii^Wj) for j = l,...,s. By Remark 12.21 we have 7ii{fwj) = fvj for 
j = 1 ,..., s and /.yj,..., is a minimal system of generators of J^. 

Note that — Xj]. We set £ to be the residue class of Xn+i — x* in 

^[Xn+i -Xj]/(xn+i -Xj)^. Then ^[xn+i -Xj]/(xn+i “Xj)^ = S[e]. Let a: Rix^+i] 
^[e:] the canonical epimorphism and let J be the image of II' in S'[e]. Then R" = 
S[£]/J. 

In order to determine the generators of J, we hx a j with 1 < j < s, and may 
assume that w{n -I- 1) > 0 and w{i) > 0. Then modulo (x„+i — x*)^, we obtain 

f _ TT _ TT 

~ ii "''A: -^n+l ii -^k 

l<k<n l<k<n 

Wj{k)<Li 

= n n T'‘’ 

l<fc<n l<fc<n 

Wj{k)<0 

= fv, + [Wj{n + 1)( n 

l<fc<n 
Vj {k)>0 

For the second equality we used that x„+i = e + Xi and = 0, and the third equality 
is due to the fact Vj{i) = Wj{i) -|- Wj{n + 1). 

The homomorphism ip : II/If ^ R corresponding to the inhnitesimal deformation 
S[e]/ J is given by 

Pifvj + II) = Wjin + 1)( n + Il = Wj{n + for j = 1 ,..., s, 

l<fc<n 

Vj(k)>Q 

which induces the element 

i<i<s 

Since H is positive it follows that Q-hi = {f}, and this implies that (Im5*)_/i; = 

see Proposition 11.21 Assume a G (Im(5*)_/i.. Then there 

exists A G K such that 

(wAn -h 1 ),..., Ws{n + 1)) = A(ni(i),..., Vs{i)). 
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Since Vj{i) = Wj{i) + Wj{n + 1) for j = 1,... ,s, and since by condition (iii) of 
Definition 12.II the vectors (tci(n+l),... ,Ws{n + l) and (wi(i),... ,Ws{i)) are linearly 
independent, we obtain a contradiction. Hence T^{R)_hi 7 ^ 0, as required. □ 

As a first example of a separable lattice we consider the relation lattice of a 
numerical semigroup. 

Discussion 2.4. Let H G N he the numerical semigroup minimally generated by 
hi, ^ 2 , hs with gcd(hi, ^ 2 , h^) = 1. Recall some facts from [ 8 ]. For i = 1,2,3 let q 
be the smallest integer such that Cihi G Nhk + NR, where {i,k,i} = [3], and let 
Tik and Tii be nonnegative integers such that CiR = rikhk + ruR. Denote by L the 
relation lattice of H. Then the three vectors 

vi = (ci, -ri 2 , -ria), V 2 = (-r 2 i, C 2 , -r23), V 3 = (-rai, -r32, C 3 ) 

generate L. We have Ui + ^2 + '^^3 = 0 if 

( 1 ) all Vij 7 ^ 0 , or 

(2) vi = (ci, -C 2 , 0), ^2 = (0, C 2 , -C 3 ) and V 3 = (-ci, 0, C 3 ). 

In case (1), fvi, fv 2 , fvs is the unique minimal system of generators of R. In case 
(2), + /t ,2 + /^3 = 0 , so that any two of the fRs minimally generate II- 

An example for (1) is the semigroup with generators 3, 4 and 5, and example for 
(2) is the semigroup with generators 6 , 10 and 15. (3) If ui + ^2 + ^3 7 ^ 0, then there 

exist distinct integers k,i ^ [3] such that Vk + vg = 0 and Vij 7 ^ 0 for i G [3] \ {k, i} 
and j G {k,i}. In this case II is minimally generated by and — x^L 

An example for (3) is the semigroup with generators 4, 5 and 6 . 

It is known and easy to prove that R = K[H] is not rigid. Indeed, since R 
is quasi-homogeneous, the Euler relations — (deg/)/ imply that 

there is an epimorphism y: Qr/k nr with x(dxj) R where m = 

is the graded maximal ideal of R. Since rankD^/j^ = rankm = 1, it follows that 

C = Ker X is a torsion module. Thus we obtain the following exact sequence 

0 —^ C —^ VLrir —^ m —^ 0, 

which induces the long exact sequence 

Homij(C,R) Ext)j(m,R) -)■ Ext)j(Dij/i^, R). 

Since i? is a 1-dimensional domain, R is Cohen-Macaulay, Homij(C, R) = h and 
Ext)j(m, R) = vci~^/R 7 ^ 0. It follows that Ext)j(Dji;/ 74 ', R) 7 ^ 0. In other words, R is 
not rigid. 

Of course the same argument can be applied to any numerical semigroup generated 
by more than 1 element. 

We have seen that K[H] is not rigid. The next result shows that the relation 

lattice of H is even i-separable for i G [3] with 7 ^ 0. To prove this we need 

Lemma 2.5. Let L C Z"' and L' C be saturated lattices which satisfy the 

conditions (i) and (ii) as given in DeRnition \2.1[ Then 

(a) Ir and Ir have the same number of minimal generators; 
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(b) fwi, ■ ■ ■, fws a minimal system of generators of Iy if and only if 
Tiiifwi), ■ ■ ■ yT^iif-wJ is a minimal system of generators of Il. 

Proof, (a) For any S'[a;„+i]//L'-module M we denote by M its rednction modnlo 
Xn+i — Xi- The conditions (i) and (ii) of Definition 12.11 gnarantee that Xn+i — Xi is 
a non-zero divisor on S[xn+i\/lLi and that S/Il = S[xn+i]l lu ■ From these facts (a) 
follows. 

(b) Snppose that ..., is a minimal system of generators of Ili. Then 
is generated by TViif^o^), • • •, Mfws) since Tiiilf) = Il- By (a), , 7 ii{f^J is 

a minimal system of generators of II. 

Conversely, assnme that 7ii{fwi), ■ ■ ■, T^iifwf) is a minimal system of generators of 
II- We want to show that h' = {fw^, •••,/«).)• Set J = (/^j,..., /^J. Then we 
obtain the following short exact seqnence: 

0 —)■ II! IJ —^ S[Xn+l\/J S[Xn+l\/lu 0 

Here a is the natnral epimorphism. By |6l Proposition 1.1.4], we obtain the exact 
seqnence 

0 —)■ 1^1 J —)■ S[Xn+i\/J -)■ S[Xn+l\/ly —t 0. 

Since 7rj(J) = 'Xi{If) = II it follows that a is an isomorphism, and so ly/J = 0. 
Nakayama’s Lemma implies that ly/ J = 0. Hence J = ly, as desired. □ 

Proposition 2.6. Let H be a numerical semigroup as above and set R = K[H]. Let 
L <z1? be the relation lattice of H. With the notation of Discussion \2^ we have: 

(a) IfviPv 2 +V 2 , = 0, thendim.KT^{R)-hi = 1 and L is i-separable fori = 1,2,3. 

(b) Ifvi -\-V 2 + v^ 7 ^ 0, then there exists i G [3] such that R = {x^' — x]^*"x\'\ x^^f — 
x^f") with {i,k,l} = [3] and rn-^vn ^ 0. In this case, T^{R)^hi = 0, and for 
j ^ i we have that T^{R)-hj 7^ 0 and that L is j-separable. 

Proof, (a) We consider the case (1), where > 0 for all i and j, see Discnssion 12.41 
Fix i G [3]. Since all rij > 0 it follows that R-hi = {1, 2, 3}, and since if is a positive 
semigronp we have G-hi = It follows from Corollary 11.11 and Proposition 11.21 
that dimK{U*)_hi = 2 and dim7^(Im((5L/iJ = 1. Hence dim^^ T^(i?)_/i. = 1. 

Consider the vectors 

wi = (ci - 1,-ri2,-ri3,1), 

W 2 = (-r2i + 1,C2,-r23,-1), 

W3 = -?’32,C3,0) 

in Z^, and set L' = Ztci -|- 7 jW2 + Ztcs. We will prove that L' is a 1-separation of 
L. First we show that L' is satnrated. Indeed, if aw G L' for some 0 7 ^ a G Z and 
some w G Z"^, then aw = aiWi + 02^2 + asWg for some a* G Z, and it follows that 
av = aiVi + a 2 V 2 + a 3 V 3 , where v = ni{w). This implies that v = kiVi + k 2 V 2 + k 3 V 3 for 
some ki G Z, since L is satnrated. Thns (oi — aki)vi + (02 — ak 2 )v 2 + (03 — ak^)vz = 0 
and so ai — aki = 02 — ak 2 = 03 — ak^. It follows that (ai — aki)wi + (02 — ak 2 )w 2 + 
(03 — ak‘i)wz = 0. Thns w = kiWi + ^ 2^2 + k^w^. Hence L' is satnrated. Next we 
show ni{Iy) = II. It is clear that II C 7 ri(/x,/) since 7 ri(/^J = for i = 1,2,3. 
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For the converse direction, we only need to note that 7 ri(L') = L and that fni{w) 
divides 7 ri(/^) for all w E L'. 

Now, applying Lemma 12.51 we conclude that is a minimal system of 

generators of II' satisfying condition (iii) of Definition 12.11 Consequently, L' is a 
1-separation of L. Similar arguments work for i = 2,3. 

In case (2), L is generated by any two of the vectors Vi = (ci,—C 2 , 0 ), V 2 = 
(0,C2,— C 3 ) and ^3 = (— 01 , 0 , 03 ). Let L' C be a lattice generated by Wi = 
(oi — 1,02,0,1) and W 2 = (—Oi, 0, 03 , 0). We claim that L' is a 1-separation of L. 
Indeed, the ideal of 2-minors / 2 (hF) of the matrix W whose row vectors are wi 
and W 2 contains the elements oi and 03 . By the choice of the ods it follows that 
gcd(oi, 03 ) = 1. Thus, hiW) = Z. This shows that L' is saturated. Since 7 ri(/^J = 
/t,. for i = 1, 2 and since II = {fvi, fv 2 ), Lemma 1231 implies that II' = {fwi, fw 2 ) and 
= II- Since L' satisfies also condition (iii) of Definition 12.11 it follows that 
L is 1-separable. In the same way it is shown that L is i-separable for i = 2,3. 

(b) This is case (3) of Discussion 12.41 and we have In = {xf — — xf) 

with {i, k, 1} = [3]. Thus In is a complete intersection and the exponents Ci, C 2 and 
C 3 are all > 1. Without loss of generality we may assume that i = 2, k = 1 and 
I = 3. Since the lattice L C Z^ with basis vi = (—r 2 i,C 2 , —^’ 23 ), V 2 = (—C 3 , 0 ,ci) is 
saturated, it follows that the ideal of 2 -minors (ciC 2 , C 2 C 3 , Cir 2 i - 1 - C 3 r 23 ) of 

( -r2i C2 -r23 \ 

V -C 3 0 Cl ^ 

is equal to Z. 

Consider the lattice L' C Z^ whose basis wi,W 2 consists of the row vectors of 

/ -r 2 i + 1 C2 r23 -1 \ 

-C 3 0 Cl 0 y ■ 

The ideal of 2-minors of this matrix contains (ciC 2 , C 2 C 3 , Cir 2 i -|- C 3 r 23 ), and hence 
is again equal to Z. Thus L' is saturated. Furthermore we have 7i2{,fwi) = 
'^ 2 ifw 2 ) = fv 2 7r2{L') = L. This implies that 712 ( 11 ') = II- Since rankL' = 
rankL = 2, the conditions (i) and (ii) of Definition 12.11 are satished. Applying 
Lemma 12751 we obtain ly = {,fwi,fw 2 )- Since the condition (iii) of Definition 12.11 is 
also satisfied we see that L is 1-separable. Similarly, one shows that L is 3-separable. 

□ 

3. Edge rings of bipartite graphs 

Let G be a finite simple graph on the vertex set [m], and let K a field. The K- 
algebra R = K[G] = K[titj : {i,j} G E(G)] is called the edge ring of G. Here E(G) 
denotes the set of edges of G. We let n = |E(G)|, and denote by S the polynomial 
ring over K in the indeterminates x^ with e G E{G). Let (p: S' —)■ K[G] be the 
iL-algebra homomorphism with Xe ^ titj for e = {i,j}- The toric ideal 'Kei ip will 
be denoted by Ig- 

In this section we will discuss inseparability, semi-rigidity and rigidity of the edge 
ring of a bipartite graph, which may as well be considered as the toric ring associated 
with the affine semigroup H generated by the elements 5* -|- 5j with {i,j} G E{G), 
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where is a canonical basis of Z™. Let G be a bipartite graph. The 

generators of Iq are given in terms of even cycles of G. Recall that a walk in G is a 
seqnence G: ■ ■ ■ yiq such that {ik, ik+i} is an edge of G for A; = 0,1,..., A; — 1. 

G is called a closed walk, if ig = io. The closed walk G is called a cycle if ij ^ ik 
for all j ^ k with j, k < q, and it is called an even closed walk if q is even. Observe 
that any cycle of bipartite graph is an even cycle. 

Given any even cycle (more generally an even closed walk) G: io,ii,... ,i 2 q- The 
edges of G are = {ij,ij+i} for j = 0 ,l,...,2 g — 1 together with the edge 
^k 2 q-i = {f 25 -iGo}- We associate to G the vector n(G) G Z” which dehned as 

q-l q-l 

(8) v{C) = ek 2 i+, 

2 = 0 2=0 

Here £i,..., denotes the canonical basis of Z”. Note that v{C) is determined by 
G only up to sign. We call v{C) as well as —v{C) the vector corresponding to G. 

For simplicity we write fc for /^(c). Recall from |TI] that the toric ideal Iq of a 
hnite bipartite graph is minimally generated by indispensable binomials, that is, by 
binomials, which up to sign, belong to any system of generators of Ig- Furthermore, 
a binomial / G Ig is indispensable if and only if f = fc, where G is an induced 
cycle, that is, a cycle without a chord. In particular, if G' is the graph obtained 
from G by deleting all edges which do not belong to any cycle, then Ic = Ig'S. 
Therefore we may assume throughout this section that each edge of G belongs to 
some cycle. 

Now for the rest of this section we let G be a bipartite graph on the vertex set [m] 
with edge set E{G) = {ei,..., e„}. With the edge Ck = {i,j} we associate the vector 
hk = Si + 6j. Here 6i,... ,6m is the canonical basis of Z™. The semigroup generated 
by hi,..., hn we denote by H{G) or simply by H. Note that K[H{G)] = K[G]. 

Let {Gi,..., Gs) be the set of cycles of G and Vi = n(Gj) the vector corresponding 
to Gi. We may assume that for i = 1,..., si < s, the cycles Gi are the induced 
cycles of G. Then Ic is minimally generated by ..., , see m- Of course, Ic 

is also generated hj fy^,..., fy^. In particular, if L is the relation lattice of H, then 
RL is the vector space spanned by ui,..., n<j. 

Let a G XH. As in Section 1 we set 

J^a = {l<i<s: a + h{vi) G H}, and KLa = Span^{nj: i G [s] \ fFa\- 
In addition we now also set 

= {f < i < Si\ a + h{vi) G H}, and KL'^ = Span^{ni: i G [si] \ }. 

In general, is a proper subset of fFa. However, we have 
Lemma 3.1. KL'^ = KLa for all a G XH. 

Proof Since [si] \ J'' C [s] \ J'a, we have KL'a C KLa. Let ^ G ([s] \P'a) \ ([si] \Ea). 
Then a + h{vi) ^ H and Gi is a cycle with chords. In the following we describe a 
process to obtain the induced cycles with vertex set contained in V{Gi). Choose a 
chord of Gi and note that this chord divides Gj into two cycles. If both cycles are 
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induced, then the process stops. Otherwise we divide as before, those cycles which 
are not induced. Proceeding in this way, we obtain induced cycles of G, denoted 
by ..., Gj^, such that E{Cy) consists of at least one chord of G*. Moreover, the 
edges of Ci. which are not chords of Gj, are edges of G*. 

In general, if G is a cycle and v = v{C), then 

h{v) = ^r 

i&v(c) 

Hence it follows from the construction of the induced cycles Ci^ that h{vi) — h{vi^) 
is the sum of certain terms 5*,^ + 5^2, where {^ 1 ,^ 2 } is an edge of Gj, and hence 
hivi) — h{vi.) G H. Since a + hiyi) ^ H it follows that a + h{yi.) ^ H for all j. This 
implies that Vi^ E KL'^ for all j, and so Vi & KL'^ since Vi is a linear combination of 
the Vi^. □ 

For the discussion on separability we need to know when T^{K[G])-hj vanishes, 
see Theorem 12.31 For that we need to have the interpretation of E-hj for edge rings 
which is given by the following formula: 

(9) = {i 6 |n] : l/(e,) c V{C,)}. 

For the proof of this equation note that if V{ej) C H(Gj), then without loss of 
generality we assume that G* : 1,2, ...,2t and that ej = {1,A:} with k G [2f]. 
Note that k is even, since G contains no odd cycle. It follows that —hj + h{vi) = 
(<^2 + <^ 3 ) + ■ ■ ■ + {^k -2 + + ^k+ 2 ) + • • • + + ^ 2 t) £ and so i G E-hj 

by dehnition. Conversely, assume that V{ej) ^ V{Ci) and let k G V{ej) \ V{Ci). 
Then —hj + h{vi) is a vector in Z”* with the kt\i entry negative and thus it does not 
belong to H. Therefore i ^ ^-hy 

Later we also shall need 

Lemma 3.2. Let W : * 1 ,^ 2 , ■ ■ ■ be an even closed walk in G and let ej be an 

edge of G with the property that Cj 7 ^ {iaGb} with 1 < a < b < 2k. Then the vector 
w = v{W) G KL belongs to KL_h.. 

Proof. We may view VF as a bipartite graph with bipartition ... ,* 2 ^- 1 } and 

{i 2 G 4 ) • • • G 2 fc}- Then we see that w belongs to the space spanned by the vectors 
corresponding to the induced cycles of G with edges in W. This vector space is a 
subspace of KL_h , since ej is not an edge of any cycle with edges in W, as follows 
from on]) . □ 

We call the space KL which is spanned by the vectors Vi,... ,Vs the cycle space of 
G (with respect to K). Usually the cycle space is only defined over Z 2 . For bipartite 
graphs the dimension of the cycle space does not depend on K and is known to be 

(10) |U(G)|-|U(G)|+c(G). 

where c(G) is the number of connected components of G, see [131 Corollary 8.2.13]. 

Inseparability. In this subsection we present some characterizations of bipartite 
graphs G for which K[G] is inseparable. 
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Note that ([9]) says that i G J^-hj if and only if ej is an edge or a chord of Cj. 
Accordingly, we split the set J^-hj into the two subsets 


( 11 ) 

Aj = {z G [s]: 

ej is an edge of G*}, 

and 



(12) 

Bj = {z G [s]: 

ej is a chord of Gj}. 


We also set V^h. = Span^{nj : z G [s] \ Then, since by assumption all edges 
of G belong to a cycle, we obtain 

(13) dimi^ '^-hj = dimii- KL — 1 for j = 1,..., n. 

Indeed, let G\{ej} be the graph obtained from G by deleting the edge ej and leaving 
vertices unchanged. Then V_hj is the cycle space of G \ {ej}. 

Lemma 3.3. T^{R)_h. = 0 z/ and only if for all i G Bj, one has Vi G KL_h.. 

Proof. Since —hj + hj G hf if and only if z = j it follows that dim(Im(5*)_/j. = 1, see 
Proposition 11.21 Thus, since KL-hj ^ h follows from flT^ that T^{R)_hj = 0 
if and only if V_hj = KL-hy Since V_hj = KL_h. + Span^juj : z G Bj}, the 
assertion follows. □ 

For stating the next result we have first to introduce some concepts. Let G be 
a cycle. Then the path P: Zi,Z 2 ,Z 3 ,..., V-i, v (with r > 2 and with ij ^ for all 
j 7 ^ k) is called a path chord of G if Zi, V ^ and ij ^ V{G) for all j ^ RGr- 

The vertices zi and R are called the ends of P. Note that any chord of G is a path 
chord. 

Let P be a path chord of G. We may assume that {z,z + 1} for z = 1,... ,t 
together with {l, 2 t} are the edges of G and that zi = 1 and R = k with k R 1. 
Let P' be another path chord of G. Then we say that P and P' cross each other 
if one end of P' belongs to the interval [2, k — 1] and the other end of P' belongs 
to [k + l,2t]. In particular, if P is a chord and P' crosses P, we say that P' is a 
crossing path chord of G with respect to the chord P. 

Theorem 3.4. Let G be a bipartite graph with edge set {ci,... ,en}, and let R = 
K[G] be the edge ring ofG. Then the following conditions are equivalent: 

(a) 0. 

(b) There exists a cycle G of G for which Cj is a chord, and there is no crossing 
path chord P of G with respect to Cj. 

(c) The relation lattice of H{G) is j-separable. 

Proof, (a) ^ (b): Assume that (b) does not hold. Let z G Bj with Bj as defined in 
[T21 By our assumption, Gi admits a path chord, denoted by P, which crosses ej. 
Denote by zi,Z 2 the two ends of P. Then G is the union of two paths Pi and P 2 
which both have ends zi, Z 2 . Since Pi U P and P 2 U P are cycles and Cj is neither an 
edge nor a chord of them, it follows from Lemma 13^ that the vectors wi = z;(Pi UP) 
and W 2 = n(P 2 U P) belong to KL^hy Therefore, Vi G KL^hj because it is a linear 
combination of wi and W 2 . Now applying Lemma 13731 we obtain T^{R)_hj = 0, a 
contradiction. 
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(b) (c): We may assume that the cycle C as given in (b) has the edge set 

= {^1 = {I 5 2 },e£ = {£,£+ 1 },e 2 t = { 2 t, 1}}, 

and that Cj = { 1 , fc} with 2 < k < 2t — 1. 

We let X be the set of all a G [m] \ V(C) for which there is a path P from a to 
some vertex of [2, /c — 1], and we set V = [m] \ {y{C) U X). 

We now define a graph G' = GiU G 2 , where Gi and G 2 are disjoint graphs, that 
is, V{Gi) P\V{G 2 ) = 0. The graph G 2 is the subgraph of G induced on XU [k]. Next 
we hrst define Gi as the subgraph of G induced on Y U [fc + 1, 2f] U {1, /c}. Then 
Gi is obtained from Gi by renaming 1 as m + 1 and fc as m + 2. We claim that Gi 
and 6*2 are disjoint. Indeed, V{Gi)r\V{G 2 ) Y [fc + l,2f]nX. Condition (b) implies 
that [k + 1, 2f] n X = 0. 

Now we claim that if we identify in G' the vertex m + 1 with 1 and the vertex 
m + 2 with k, then we obtain G. Indeed, let G" be the graph which is obtained 
from G' after this identihcation. We have to show that G" = G. Obviously, we have 
V{G") = V{G) and E{G") C E{G). Let e G E{G) \ E{G"). Then e = {fci, ^ 2 } with 
fci G [fc + 1, 2t] U Y and /c 2 G X U [2, fc — 1], If k 2 G [2, fc — 1], then ki G [1, fc] fl X 
by the definition of X. This is impossible since (X U [1, k]) O ([/c + 1, 2t] U X) = 0; 
If ^2 G X, then again by the definition of X it follows that fci G X U [1, k], which is 
impossible again in the same reason. Thus we have proved the claim. 

Now the edge ring of G' is of the form R' = S'/Ig' = S'/{Igi + 102 )^') where 
S' = S'[a:„+i] and where the variable Xn+i corresponds to the edge Cn+i = {m + 
l,m + 2}. The variable Xj corresponds to the edge ej if ej G G, and to e G E{Gi) 
if e G E{Gi) \ {m + l,m + 2} and e is mapped to by the identification map 
G' —)■ G" = G. Let L be the relation lattice of H{G) and L' be the relation lattice of 
H{G'). Then L C Z"" and L' C are saturated lattices. We claim that L and L' 
satisfy the conditions (i), (ii) and (iii) with respect to tij, see Definition 12 .II We first 
show that 7ij{lL') = IL- Let / be a minimal generator of J^. Then there exists an 
induced cycle D of G such that / = fo- Since G = G" it follows that V(D) C V(Gi) 
or V(E) C 1 /(^ 2 ). Hence there is an induced cycle E' in G' whose image under the 
identihcation map is E. Therefore, = fo- This proves the condition (ii). 

Since (ii) is satished, it follows that R'/{xn+i — Xj)R' = R. Moreover, Xn+i — Xj is a 
non-zero divisor on R', since R' is a domain. This implies that height Jz,/ = height R. 
In particular, rankL' = rankL. Thus the condition (i) is also satished. Finally, by 
the dehnition of Gi and G 2 , there exist an induced cycle of Gi with e„+i as an edge, 
say Gi, and an induced cycle of G 2 with ej as an edge, say G 2 . Let Wi = v{Gi) and 
W 2 = v{G 2 ). Then wi{n -f 1) 7 ^ 0, Wi{j) = 0, W 2 {n -|- 1) = 0 and W 2 {j) 7 ^ 0. This 
implies the condition (iii). 

The implication (c) ^ (a) follows from Theorem 12.31 □ 

Corollary 3.5. Let G be a bipartite graph. Then K[G] is inseparable if and only 
for any cycle G which has a unique chord e, there exists a crossing path chord of G 
with respect to e. In particular, if no cycle of G has chord, then G is inseparable. 
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Proof. By Theorem 13.41 G is inseparable if and only if for any cycle C with a chord 
e, there exists a crossing path chord of C with respect to e. Assnme hrst that K[G] 
is inseparable. Then, by what we jnst said, each cycle of G with a chord has the 
desired property. Conversely, assnme that each cycle with a nniqne chord has a 
crossing path chord, and let C be a cycle with a chord e. Snppose G has another 
chord, say e'. If e' crosses e, then we are done. Otherwise e' divides G into two 
smaller cycles Gi and 02 , and we may assnme that e is a chord of Gi. Since Gi has 
less chords than C, we may apply indnction on the nnmber of chords of a cycle and 
dednce that there exists a crossing path chord of Gi with respect to e. Then this 
path chord is also a crossing path chord of G with respect to e. □ 

As an example of the theory which we developed so far we consider coordinate 
rings of convex polyominoes. First we recall from |9] the dehnitions and some facts 
abont convex polyominoes. 

Let = {(x,?/) G M : X, ?/ > 0}. We consider (M+, <) as a partially ordered set 
with (x, ?/) < (z,w) if X < z and y <w. Let a, 6 G Then the set [a, 6 ] = {c G 
: a < c < 6 } is called an interval. 

A cell G is an interval of the form [a, b], where 6 = a + (1,1). The elements of G 
are called vertices of G. We denote the set of vertices of G by V{G). The intervals 
[a, a + ( 1 , 0)], [a + ( 1 , 0), a + ( 1 , 1 )], [a + (0, 1 ), a + ( 1 , 1 )] and [a, a + (0, 1 )] are called 
edges of G. The set of edges of G is denoted by E{G). 

Let P be a hnite collection of cells of Z^. Then two cells G and D are called 
connected if there exists a seqnence C : G = Ci, C 2 ,..., = D of cells of V snch 

that for alH = 1,..., f — 1 the cells Gi and Cj+i intersect in an edge. If the cells in C 
are pairwise distinct, then C is called a path between G and D. A hnite collection of 
cells V is called a polyomino if every two cells of V are connected. The vertex set of 
V, denoted V{V), is dehned to be UceP edge set of V, denoted P(P), 

is dehned to be IJpgpP(C). A polyomino is said to be vertically or column convex 
if its intersection with any vertical line is convex. Similarly, a polyomino is said to 
be horizontally or row convex if its intersection with any horizontal line is convex. A 
polyomino is said to be convex if it is row and colnmn convex. Fignre[T] shows two 
polyominos whose cells are marked by gray color The right hand side polyomino is 
convex while the left one is not. 


Figure 1. 
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Let P be a polyomino, and let iL be a field. We denote by S the polynomial over 
K with variables Xij with {i,j) G V(V). A 2-minor XtjXki — xuXkj G S with i < k 
and j < / is called an inner minor of V if all the cells [(r, s), (r -f- l,s -t- 1)] with 
i < r < k — 1 and j < s < I — 1 belong to V. The ideal Ip G S generated by all 
inner minors of V is called the polyomino ideal of V. We also set K\P] = S/Ip. It 
has been shown in |9] that K[P] is a domain, and hence a toric ring, if V is convex. 
A toric parametrization of K[P] will be given in the following proof. 

Theorem 3.6. Let V be a convex polyomino. Then k\P] is inseparable. 

Proof. Set Ap = {hi : {i,j) G V{V) for some j G and Bp = {vj : {i,j) G 
V{V) for some i G Z+}. We associate with V a bipartite graph G{V) snch that 
V{G{V)) = ApUBp and E{G{V)) = {{hi^Vj} : (hi) G V{/P)}. Figure |2] shows a 
polyomino and its associated bipartite graph. 


( 4 , 4 ) ( 5 , 4 ) 


( 2 , 3 ) ( 3 , 3 ) ( 4 , 3 ) 


( 5 , 3 ) 

( 1 , 2 ) ( 2 , 2 ) 







( 3 , 2 ) ( 4 , 2 ) ( 5 , 2 ) 


( 1 , 1 ) ( 2 , 1 ) ( 3 , 1 ) 


h\ /i 2 hs /i4 /15 



Figure 2. 

We let K[G(V)] be the subring of the polynomial ring T = K[ApU Bp] generated 
by the monomials hiVj with {hi,Vj} G E{G{V)). In other words, K[G{V)] is the 
edge ring of the bipartite graph G(V). Let, as above, S = K[xij : (hi) G ViV)]. As 
shown in [9], J-p is the kernel of the iF-algebra homomorphism S —?• K[G{Vy\ with 
Xij I—)■ hiVj. Thus K[P] = K[G{V)], and K[G{'P)] is the desired toric parametriza¬ 
tion. It is known from [n] that Ip is generated by the binomials corresponding to 
the cycles in G{V). 

By using Corollary 13.51 it is enough to show that for any cycle G of G{V) which 
has a unique chord, say e = {hi,Vj}, there is a crossing path chord of G with respect 
to e. Since G(V) is a bipartite graph, G is an even cycle, and also ICI > 4 because G 
has a chord. Since every induced cycle of Gi/P) is a 4-cycle and since G has only one 
chord, G must be a 6 -cycle. Assume that the vertices of G are hj, hi.^,Vj, Ufcj, 
listed counterclockwise, and the chord of C is e = {hi,Vj) as above. With the 
notation introduced, it follows that 

ihj), (b h), (^ 2 , ^ 2 ), (^ 2 , j), (4, j), (^ 1 , ki ,), (i, ki) 

are vertices of V. We consider the following cases. 

Suppose first that — i){i 2 — i) >0. Without loss of generality, we may assume 
£2 > ii > i. Then, since V is convex and (z, ^ 2 ) and (£ 2 , ^ 2 ) are both vertices of V, 
we have {G, ^ 2 ) is a vertex of V. It follows that {hej^,Vk 2 } is an edge of G(V) which 
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is a chord of C, contradicting our assumption that C has a unique chord. Similarly 
the case that (fci — j){k 2 — j) > 0 is also not possible. 

It remains to consider the case when {ii — i )(^2 — f) < 0 and (fci — i){k 2 — j) < 0. 
Without loss of generality we may assume that < i < ^2 and ki < j < k 2 - Then 
either (z — 1, j +1) or (z + 1 , j — 1 ) is a vertex of V by the connectedness and convexity 
of V. 

We may assume that (z — 1, j + 1) G V{V). Note that (z — 1, ki) and (£ 2 , j + 1) 
belong to V{V). Thus we obtain the path hi_i, Uj+i, in G{V) which is a 
crossing path chord of C with respect to e. □ 

Semi-rigidity. We say that R is semi-rigid if T^{R)a = 0 for all a G "LH with 
—a G H. In this subsection we consider this weak form of rigidity which however is 
stronger than inseparability. 

We again let G be a finite bipartite graph on the vertex set [m] with edge set 
E{G) = {ei, 62 ,..., e„}. The edge ring of G is the toric ring K[H] whose generators 
are the elements hi = J2j&v{ei) ^j, i = , n. Here 61 ,... , 6 m is the canonical basis 

of Z™. As above we may assume that each edge of G belongs to a cycle and that 
Gi,G 2 , ... Gs is the set of cycles of G and where Gi,..., Gg^ is the set of induced 
cycles of G. 

Let Gi be one of these cycles with edges ..., Ci^^ labeled counterclockwise. 

Two distinct edges e and e' of Gi are said to be of the same parity in Gi\ie = ei- 
and e' = with j — k an even number. 

Lemma 3.7. Let a = —hj — hk, and let i G [si]. Then i G if and only if Cj and 
Ck have the same parity in Gi. Moreover, if 7 ^ 0? then KLa = KL_h. + KL_h^. 

Proof. Since z G [si], the cycle Gi is an induced cycle. Let , Cjj,..., be the 
edges of Gi labeled counterclockwise. Then h{vi) = Ylk=i^i 2 k-i — Ylk=i^i 2 k- Thus 
if Cj and have the same parity in Gi, it follows that hj and hk belong to either one 
of the above summands, so that a + h{vi) G H. This shows that z G R'^. Conversely, 
suppose that z G R'^. Let hj = + 6 j^ and hk = Sk^ + For simplicity, we 

may assume that 61 ,... ,621 correspond to the vertices of Gi and that the edges of 
Gi correspond to the elements 621 + and 5i + hj+i for z = 1,..., 2t — 1. Then 
h{vi) = hi H- V 621 and 

(14) a + h{vi) = —~ — hfc 2 + hi + ... + h 2 t G H. 

In general, let h G FT, h = with Zi G Z. Then it follows that Zi > 0 for all 

z. Hence it follows from (ITT)) that Cj and Ck are edges of Gi with V{ej) fl V{ek) = 0 
(that is, the vertices ji, are pairwise different), and that a + h{yi) is the 

sum of all hj, z = 1 ,..., 2 f with z 7 ^ ji, 22 , ki, k 2 . Suppose the edges e^- and e^, do not 
have the same parity in Gj. Then a + h{vi) is the sum of Si and S 2 , where each of 
Si and S 2 consists of an odd sum of hj. Hence none of these summands belongs to 
H. Since Fi + ^2 G H, there exists a summand h^^ in Si and a summand in S 2 
such that 5r^ + hr -2 G H. This implies that {ri,r 2 } G E{Gi) because Gj has no chord. 
However this is not possible. Indeed, if {ri,r 2 } G E{Gi), then r 2 = ri + lmod2L 
But this is not the case. 
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Next we show that KLa = KL^hj+KL^hk if J^a 7 ^ 0- Note that C 
we have KL^hj + KL^h^ ^ KLa by Lemma 13.11 In order to obtain the desired 
equality, we only need to show that Vi G KL^h, + KL^hk for oach i G {K_h^ Ll 

\ K 

Let i G n \ J^a- Since 7 ^ 0, there exists an induced cycle, say C, 

such that Cj and have the same parity in C. We may assume that V (C) = [2t] 
and E{C) = {{1, 2 }, { 2 , 3},..., { 2 t — 1 , 2 t}, { 2 t, 1 }}, and that ej = {1, 2 } and = 
{2k — 1, 2 k} with 1 < A; < t. Since ej, do not have the same parity in Ci, we can 
assume without loss of generality that E{Ci) is 

{{ 1 , 2 }, { 2 , ii}, {ii, ia}, • • •, {kh, * 2 / 1 + 1 }, {Wi, 2 A;}, { 2 A;, 2 k - 1 }} 

U{{2A: — 1, ^ 2 / 1 + 2 }, • ■ ■, {* 2 r, * 2 £+i}, {* 2 ^+ 1 , !}}• 

Then we have even closed walks 

ITi: 2, 3,..., (2A; - 1), 2k, * 2 / 1 + 1 , * 2/1 • • •, * 1 , 2 

and 

IL 2 : 1, 2, 3,..., {2k — 1), * 2 / 1 + 2 , • • •, * 2 £+i, 1- 

Let wi = v{Wi) and W 2 = v{W 2 )- Since the vertex 1 belongs to Cj but is not a vertex 
of IVi, Lemma [3.21 implies that Wi G KL^hy Similarly it follows that W 2 G KL^hk- 
Since Vi differs at most by a sign from either wi — W 2 or *+1 + * 1 / 2 , it follows that 
Vi G KL_h^ + KL_h^, as required. □ 

Lemma 3.8. Suppose that Then KL^h, 7 ^ KL^h^- 

Proof. Let * G E'_h. \ ^'-h^ Then Vi G KL^h^, and Vi{j) 7 ^ 0, since Cj is an edge of 
Ci- However the vectors v which belong to KL_h. have the property that v{j) = 0. 
Hence Vi G KL^h,. \ KL^hy and this implies KL^hj 7 ^ KL^h^- Tl 

Corollary 3.9. Assume that K[G] is inseparable. Let a = —hj — hk. Then 

dim^^ KLa = dimi^- KL — 1 if E'_a 7 ^ 0 nnd 

Otherwise, dmiKKLa = dimi^iLL. 

Proof. Since we assume that G is inseparable, it follows from Corollary 11.11 and 
Proposition 11.21 that dimxKL — dimK KL^hj = dimii'(Im(5*)_/i^.. Since by as¬ 
sumption each edge of G belongs to a cycle, it follows that dimii'(Im(5*)_/i^ = 1. 
Thus dimK KL-hj = dimKKL — 1. Similarly, dirciK KL-h^ = dim/^iPL — 1. If 
E'-hj = E 'then KL^hj = KL^h^y and if moreover, E'-a 7 ^ 0, then together 
with Lemma [3.71 we have dimx KLa = dimK KL — 1, as desired. 

Otherwise, there are two cases to consider. If E'-a = 0, then KLa = KL, by 
the definition of KLa and by Lemma l3.ll If E'-a 7 ^ 0 and E'-h^ 7 ^ E'-hy then 
KLa = KL-h. -|- KL-h,^ = KL, using Lemma 13.71 together with Lemma [3.81 □ 

Theorem 3.10. LetG he a bipartite graph such that R = K[G] is inseparable. Then 
the following statements are equivalent: 

(a) K[G] is not semi-rigid; 
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(b) there exist edges e, f and an induced cycle C such that e, / have the same 
parity in C and for any other induced cycle C", e G E{C') if and only if 
feE{C'). 

Proof, (b) ^ (a): Let a = —g — h, where g and h are vectors in H corresponding to 
the edges e and / respectively. Then dinii^-iLLa = dim/f iLL — 1 by Corollary 13.91 
Note that Qa = 0, we have (Ini^*)^ = 0. Therefore T^{R)a 7 ^ 0 by Corollary 11.31 
and in particnlar, R is not semirigid. 

(a) ^ (b): By assnmption, there exists a = X]ie[n] ^ with a* > 0 for 

i = 1, • • • , 77 , snch that T^{R)a 7 ^ 0. Note that G {0,1}, for otherwise, = 0 and 
so KLa = KL. In particnlar T^{R)a = 0, a contradiction. Since R is inseparable, 
it follows that |{T a* 7 ^ 0}| > 2. If |{T a* 7 ^ 0}| = 2, then a = —hk — hj for 
some I < i ^ j < n. Therefore, 7 ^ 0 and E'_h = Corollary 11.11 and 

Corollary 13.91 

Let e and / be the edges corresponding to the vectors hj and hk, respectively. 
Then, since 7 ^ 0, there exists an indnced cycle C of G snch that e and / have 
the same parity in C, by Lemma [3.71 Moreover, E'_h. = implies that for any 
indnced cycle C of G, e G E{C') if and only if / G E{C'). 

Now snppose that |{ 7 : a* 7 ^ 0}| > 3. Then there exists j and k with Oj 7 ^ 0 and 
Ofc 7 ^ 0, and we set h = —hj — hk. Note that C Ef This implies that KLi, C KLa- 
Therefore, since (Im^*)^ = (Im^*);, = 0, we have T^{R)b 7 ^ 0, and we are in the 
previous case. □ 

Corollary 3.11. LetV be a convex polyomino. Then K[V] is semi-rigid if and only 
ifV contains more than one cell. 

Proof. Assume that V contains a unique cell. Then G{V) is a square and it is not 
semi-rigid by Theorem 13.101 

Conversely, assume that K[V] is not semi-rigid. Then there exist two edges e, / 
and an induced cycle G of G{V) satisfying the condition (b) in Theorem 13.101 Let 
{i,j) and {k,i) be vertices of V corresponding to the edge e and /, respectively. 
Then the two edges of G other than e and / correspond to the vertices {i,i) and 
{k,j) of V. It follows that k ^ i and £ 7 ^ j. Without loss of generality, we may 
assume that k > i and £ > j. Then {i -|- l,j -|- 1) G V(V). Let G' be the induced 
cycle of G(V) corresponding to the cell [{i,j), {i l,j + 1)] of V. Since G' contains 
the edge e, G' must contain / by the condition (b) and thus k = i-\-l and i = j -\-l. 
We claim that [{i,j), {i -|- 1, j -|- 1)] is the only cell of V. Suppose that this is not the 
case. Then we let Gt, t = 1,2, 3,4 be four cells which share a common edge with 
the cell [{i,j), {i - 1 - 1, j -t- 1)]. Note that V contains at least one of the Gt. Indeed, 
since V is connected and since by assumption V contains a cell G different from 
[(b j)) (^ + IjJ + 1 )]; there exists a path in V between the cell [{i,j), {i + l,i + 1 )] and 
G. This path must contain one of the Gt. However V{Gt) contains exactly one of 
the two vertices (z, j) and (z -|- 1, j -|- 1) for t = 1,..., 4. In other words, there exists 
an induced cycle of GifP) which contains exactly one of the edges e and /. This is 
contradicted to the condition (b) and thus our claim has been proved. □ 
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Classes of bipartite graphs which are semi-rigid or rigid. Let Gn be the bipartite 
graph on vertex set [ 2 n] with edge set 

EiGn) = {{l j}: ij e [2 n\,i-j is odd and {i,j} 7 ^ {l, 2 n}}. 

Thus Gn is obtained from the complete bipartite graph Kn^n by deleting one of its 
edges. We observe that for n > 3, Gn = GifPn) where Vn is the polyomino with 

yifPn) = {(lj): 1 < hi < ^, (hi) ^ in.n)}. 

For any edge e = {hi} G E{G) we use h{e) to denote the vector Si + Sj E 
Let C be a cycle. Then, as before, v(G) stands for the vector corresponding to G 
and V{G) denotes the set of vertices of G. Our main result of this subsection is the 
following: 

Proposition 3.12. Let R he the edge ring of Gn- 

(a) If n = 3, then R is semirigid, hut not rigid. 

(b) If n> A, then R is rigid. 

We need some preparations. First, we introduce some notation. 

Let a = X)je[ 2 n] ^ with a* G Z for f = 1,..., 2n. We set 

tte = tti and Oo = tti. 

i is even i is odd 

We also set 

I{a) = ai + a 2 n and r(a) = ai. 

i^{l,2n} 

Lemma 3.13. Let a = X)iG[ 2 n] E = H{Gn). Then 

(a) a G IjH if and only if Oe = Oq. 

(b) The following conditions are equivalent: 

(i) a G H; 

(ii) tte = Oo, i(a) < rfa) and a* > 0 for all i = 1 ,..., 2n. 

Proof, (a) First note that if i is even and j is odd, then Si + Sj G ZH. Indeed, if 
{i,j} 7 ^ {l,2n}, then Si + Sj G H] if {i,j} = {l,2n}, then (5i + S 2 n = (^i + ^ 2 ) + 
(<^3 + <^2n) ~ (^2 + <^ 3 ) G ZH. 

Suppose that Oe = Oq. We prove that a G ZH by induction on |ae|. If Oe = 0 
then a = 0, and the assertion is trivial. Suppose that |ae| > 0. We only consider the 
case when Oe > 0 since the other case is similar. In this case there exist i,j G [2n] 
such that i is even, j is odd, a* > 0 and aj > 0. Let b = a — {Si Sj). Then 
be = Oe — 1 = tto — 1 = bo, and so b E ZH by induction. This implies that 
a = b -\- {Si -\- Sj) E ZH. Conversely, it is obvious that Oe = Oo if a G ZH. 

(b) (i) ^ (ii): Note that i{h{e)) < r{h{e)) for any e G E{G) since (1, 2n} ^ E{G). 
Now given a E H. Then a = Ylie<^E{G) Gh{e), where Ce is a non-negative integer for 
each e G E{G). It follows that I{a) = Ylie&E(G) Ce^(h(e)) < Ylie<^E{G) — ''"(®)) 

as required. 
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(ii) (i): We use induction on i{a). If i{a) = 0, we see that a E H hj induction 
on Oe as in the proof of (a). Assume that i{a) > 0. Without restriction we may 
further assume that Oi > a 2 n- Then 

Og ^ ^ ^ 0, 

i^even, 

i^2n 

for otherwise Og = a 2 n < ai < Oo, a contradiction. (For the inequality oi < Oq we 
used that 0 < i{a) < r{a) = as + 05 + • • • + a 2 n-i-) Hence there exists an even 
number 7 7 ^ 2n with a,- >0. Set b = a — (Si + 6n). Then h E H hv induction and so 
a = b+(Si + 5j) eH. □ 

Corollary 3.14. Let a E Zif with a* > 0 for all i G [2n]. Then either a E H or 
a = b + k(Si + S 2 n), where k>l and b E H with £(b) = r(h). 

Proof. Suppose that a ^ H. Then i(a) > r(a), by Lemma 13.131 Note that by 
Lemma [ 3 .131 we have Og = Oo, and hence i(a) —r(a) = ai + a 2 n — (og — 02 ^) — (oo —oi) 
is an even number, say 2k. Set 6 = (ai — k)5i + (a 2 n — k)52n + 2 n} Suppose 

that Oi < k. Then 

®2n = 2/c — Oi + ^ ^ Oj > Oi + ^ ^ tti P tto, 

a contradiction, because Og = Og,. Therefore ai > k. Similarly, a 2 n > k. Since 
i(b) = r(b), Lemma 13.131 implies that b E H. Moreover, a = b + k(5i + S 2 n) by the 
choices of k and b. □ 

Lemma 3.15. Let a E "LH such that E(Gn) \{e: a + h(e) E H} contains no cycle. 
Then dim^^ KL = dimj^ Da- In particular, T^(R)a = 0. 

Proof. Let T' be the graph with E(V') = E{Gn) \ {e: a + h(e) E H}, and let T 
be the graph obtained from T' by adding all vertices of which do not belong to 
l/(r'). Then T is a graph with no cycle and H(r) = [2n]. If T is a tree, then T is a 
spanning tree of If T is not a tree, we choose a connected component Tq of T 
and let Ti be the induced graph of T on the set [ 2 n] \ l/(ro). Since Gn is connected 
there exists an edge e of Gn with one end in V (Tq) and the other end in H(ri). We 
let T" be the graph obtained from T by adding the edge e. Since neither Tq nor 
Ti contains a cycle, it follows that T" has also no cycle, but one more edge than 
T. Proceeding in this way we obtain after finitely many steps a spanning tree T of 
Gn which contains E(Gn) \ {e: a + h(e) E H}. In particular, there exists a subset 
of {e: a + h(e) E H}, say {ci,..., Ck] such that E(T) = E(Gn) \ {ci, 62 ,..., e^}. 
Since all spanning trees have the same number of edges, namely, 2n — 1, it follows 
that k = — 2n. 

For each i = 1,... ,k, T + Ci contains a unique induced cycle, say Cj. Then for 
alH = 1,..., /c we have Vi(i) E {±1} and vf]) = 0 if j 7 ^ i and 1 < j < fc. Here 
Vi = v(Gi), the vector corresponding to the cycle Gi, for i = 1,...,/c. It follows 
that dirnii- Da> k since (vi(i ),..., Vk(i ),..., 'asi(f)) E Da ior i = 1,..., k. Here si is 
the number of induced cycles of Gn. On the other hand, (TmvKDa < KL and 
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dmvkKL = \E{Gn)\ — \V{Gn)\ + 1 which is equal to k = — 2n. It follows that 

diiiij^ KL = dimx Da, completing the proof by Proposition 11.21 □ 


Proof of Proposition \S.12. (a) Since G 3 is associated with a polyomino containing 8 
vertices, we have R{= KlG^]) is semi-rigid by Corollary 13.111 

Let a = 6 ^ — 61—62 — 64 . Then KLa is spanned by the vectors corresponding to the 
cycles Gi : 3, 2, 5,4, G 2 ■ 3,4, 5, 6 and C 3 : 3, 2, 5, 6 . This implies that dim/^ KLa = 2. 
Since dimi^- Da = 0 and dim/^- KL = 3, we have K{R)a 7 ^ 0. In particular, R is not 
rigid, as required. 

(b) Let a = X]iG[ 2 n] ^ want to prove that K{R)a = 0. There are 

following cases to consider. 

Case 1 : Oj > 0 for all i. By Corollary 13.141 either a E H or a = b + k{ 6 i + 62 n), where 
k > 1 and b E H with £{b) = r{b). If a E H, then K{R)a = 0, see Corollary 11.41 If 
a = b + k{ 6 i + 62 n) with k = 1, then for any edge e = {i,i} with e Cl {1, 2n} = 0, 
we have a + 6 i + 6 j E H hy Lemma 13.131 It follows that E{G) \ {e: a -f h{e) E H} 
contains no cycle, and so K{R)a = 0 by Lemma 13.151 If A; = 2, then for any 
induced cycle C, a -f h{v{G)) E H if and only if V{G) fl {1, 2n] = 0. This follows 
from Lemma 13.131 and the fact that any induced cycle of Gn is a 4-cycle. To prove 
KL = KLa, we have to show if V{G) fl {l,2n} = 0, then v{G) E KLa- Given 
an induced cycle G : ii,i 2 ,iz,H with V{G) fl {1,2?7,} = 0, where ii,iz are even and 
i 2 ,ii are odd. Then we obtain two cycles Gy. ii,i 2 ,iz,f and G 2 '■ iz,i 4 ,ii,f. Note 
that v{Gi),v{G 2 ) E KLa and v{G) is a linear combination of v{Gi),v{G 2 ), we have 
KL = KLa and so T\R)a = 0. If fc > 3, then for any induced cycle G, one has 
a + h{v{G)) ^ H hy Lemma 13.131 and so KLa = KL. In particular, K{R)a = 0. 

Case 2: There exists a unique i E \2n] with Oj < 0. If Oj < —2, then E'a = ^ and so 
KLa = KL. In particular K{R)a = 0. Hence we assume a* = —1. By symmetry, 
we only need to consider the cases when i = 1 and when i = 3. 

We hrst assume that i = 1. Since Og = Oq, there exists an odd integer j 7 ^ 1 
such that ttj > 0 , and so a = b + 6 j — 61 , where be = bo and bi > 0 for each 
£ E [2n]. By Corollary 13.141 either bEH or b = c + k{ 6 i -|- 62 n) with c E H and 
A; > 0. The second case cannot happen because oi = —1. Hence for any e E E{G), 
a + h{e) E H if and only if 1 G e. In other words, a + h{e) E H if and only if 

e G {{1, 2}, {1,4},..., {1, 2n — 2}}. Denote {1, 2i] by for i = 1,..., n — 1. Let 

Gi be the cycle 1, 2i, 3, 2n — 2 and let Vi = v{Gi) for i = 1,..., n — 2. Then for 
i = 1,..., n — 2, we have Vi{i) G {±1} and Ui(j) = 0 for j 7 ^ i and j = 1,..., n — 2. 
This implies that dim^^ Da > n — 2. To compute dim^^ KLa, we notice that if G is 
an induced cycle with 1 ^ V{G), then a + h{y{G)) ^ H and thus KLa contains the 
cycle space of the complete bipartite graph with bipartition {3, 5,..., 2n — 1} and 
{2,..., 2n}, which has the dimension (n — l)n — n — (n — 1) -|- 1 = — 3n -|- 2, see 

flT^ . Thus K{R)a = 0 because dimi^- Da = — 2n. 

Next we assume that i = 3. Then a = b + 6j — 63, where bi > 0 for all £ E [2n] 

and be = bo, j 7 ^ 3 and j is odd. Moreover by Corollary 13.141 we have either 

bEH oTb = c + k{ 6 i -|- 62 n) for some A: > 1 and with c E H and £{c) = r(c). 
Suppose hrst that b ^ H and k > 2. Then for any cycle G, a + h{v{G)) E H 
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implies V{C) fl {l,2n} = 0. Thus, similarly as in Case 1 we see that KLa = KL 
and T^{R)a = 0. Suppose next that j 7^ 1 and that h E H or h ^ H and k = 1. 
Then a + h{e) G H for any e G {{3, 2},..., {3, 2n — 2}}. Denote {3, 2t} by et for 
f = 1,..., n —1. For f = 1,..., n —1, let Ct be the cycle 3, 2f, 5, 2n and let Vt = v{Ct), 
the vector corresponding to Ct- Then Vt{t) G {±1} for t = 1,..., n — 1 and Vt{k) = 0 
for k ^ t. This implies that dimK Da = n — 1. On the other hand, KLa contains 
the cycle space of the subgraph of induced on {1, 5,..., 2n — 1} U {2,4,..., 2n}, 
which has the dimension iR — dn + 1. Thus K{R)a = 0. 

Finally suppose that j = 1 and that and also k = 1 ii h ^ H. IffeGhf, 
then we check that a + h(e) G H for any e G {{3, 2},..., {3, 2n — 2}} and deduce 
that K{R)a = 0, in the same process as in the last case. If 6 ^ if and fc = 1, 
then for any induced cycle C, we have a + h{v{C)) G ii if and only if 3 G V{C) 
and {l,2n} O V{C) = 0. We claim that KLa = KL. Given an induced cycle 
C : 3, *1,^203 with a + h{y{C)) G H. Here ii and is are even and *2 is odd. We 
let Cl : 3 ,ii,i 2,2n and C2 : i2D3,3,2n. Then n(C'i) and v{C 2 ) belong to KLa and 
v{C) is a linear combination of v{Ci) and v{C 2 ). Thus KLa = KL, as claimed. In 
particular, K{R)a = 0. 

Case 3: \{k\ < 0}| = 2. Without restriction we may assume Oj = aj = —1 

for some i 7^ j. Indeed, if some a*, < —2, then = 0 by Lemma 13.131 and so 
K{R)a = 0. Assume hrst that both i and j are even. Then for any induced cycle 
C such that {i,i} ^ ViC), we have v{C) G KLa- Let C : k,i,i,j be a cycle with 
{hi} ^ We choose an even number d G [2n] \ {i,j,2n}. Then we obtain 

two cycles Ci :k, i, i, d and C 2 -iyj, k, d. Since v{C) is a linear combination of v{Ci) 
and v{C 2 ) and since v{Ct) G KLa for t = 1,2, we have v{C) G KLa and thus 
KLa = KL. In particular T^{R)a = 0. 

Next assume that i is even and j is odd and {i,j} 7^ {1, 2n}. Notice that we can 
write a as a = 6 + k{ 6 i + 620 ) — + dj), where h E H and k >0. Moreover, if fc > 0 

then i{b) = r{b). 

If fc = 0, then dim^^ Da = 1, and KLa contains the cycle space of the graph which 
is obtained from by deleting the edge Hence dimi^- KLa > dim^^ KL — 1, 

and so K{R)a = 0. 

If fc = 1, then for any induced cycle C, we have a + h{v{C)) E H ii and only if 
{hi} ^ and V{C) fl {l,2n} = 0. Let C : i,j,k,i be an induced cycle such 

that a + h{v{C)) E H. Then the vectors vi, V 2 which correspond to cycles j, k, £, 2n 
and i, i,j, 2 n respectively belong to KLa and v{C) is a linear combination of Vi, V 2 - 
It follows that KL = KLa and K{R)a = 0. 

If fc > 2, we hrst note that {i,j} fl {l,2n} = 0. Indeed, if {*, j} fl {1,2?7,} 7^ 0, 
then either Oj > 1 or aj > 1, a contradiction. Thus = 0 by Lemma [3.131 and it 
follows that KL = KLa- In particular T^{R)a = 0. 

Finally assume that {i,j} = {l,2n}. Then a = b — di — 62 n with b E H and so 
Da = 0- If follows that KLa = KL and K{R)a = 0. 

Case 4: \{k: < 0}| = 3. We may assume that = aj = = —1. We 

only need to consider the case when Ra 7^ 0- So we may assume i, k are even 

and j is odd, and {1, 2 n} ^ {i, j, k}. Let C : i,j, k, i be an induced cycle such that 
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a + h{v{C)) G H. We choose an even nnmber d G [2n] \{i, fc, 2n} and let Ci : j, k, i, d 
and C 2 : £,i,j,d be two cycles in Then n(C'i) and v{C 2 ) belong to KLa and 
v{C) is a linear combination of v{Ci) and v{C 2 )- This implies KLa = KL, and in 
particnlar, K{R)a = 0. 

Case 5: \{k: < 0}| > 4. If |{/c: Ofc < 0}| = 4, we may assnme that = 

Qj = ttk = tti = —1. Then for any indnced cycle C, a + h{y{C)) G H implies that 
V{C) = We may assnme that i and k are even nnmbers. Let t be an 

odd nnmber in [2n] \ {j, £}, and let Ci : k, t and C 2 '■ k, I, i, t be 4-cycles of 

Since v{C) is a linear combination of v{Ci) and n(C' 2 ), we have KLa = KL, and 
conseqnently, T^{R)a = 0. If |{A;: < 0}| > 4, then £F'a = ^ and so T^{R)a = 0. 

Thns we have shown that K{R)a = for all a, and this shows that R is rigid, as 
desired. □ 
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